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In this paper a formulation of the field equation for moving media is developed 
by the generalization of an axiomatic geometric formulation of the electromag- 
netism in vacuum (Ivezic T 2005 Found. Phys. Lett. 18 401). First, the field 
equations with bivectors F{x) and M{x) are presented and then these equa- 
tions are written with vectors E{x), B{x), P{x) and M{x). The latter ones 
contain both the velocity vector u of a moving medium and the velocity vector 
V of the observers who measure E and B fields. They do not appear in the 
entire previous literature. All these equations are written in the standard basis 
and compared with Maxwell's equations with 3-vectors. In this approach the 
Amper-Maxwell law and Gauss's law are inseparably connected in one law and 
the same happens with Faraday's law and the law that expresses the absence 
of magnetic charge. It is shown that Maxwell's equations with 3-vectors and 
our field equations with 4D geometric quantities are not equivalent in the 4D 
spacetime. 



PACS numbers: 03.30.+P, 03.50.De 



1. Introduction 

The field equations for moving media in a relativistically covariant formulation 
were first presented by Minkowski [1]. In [2], it was exposed an axiomatic 
geometric formulation of the electromagnetism in vacuum with only one axiom: 
the field equation for the bivector field F . In this paper the formulation from 
[2] is generalized to the moving media. The paper is organized as follows. 

In section 2, the basic field equation for moving media ([5]) is expressed in 
terms of the bivector F = F{x) that represents the electromagnetic field and 
the generalized magnetization-polarization bivector M ~ A^(x). 

In section 3, the decomposition of F, equation (fTO]). is presented. F is 
decomposed into the electric field vector i?, the magnetic field vector B and 
the velocity vector v of the observers who measure E and B fields (in the usual 
notation E, B, v, ... are called 4-vectors). Similarly, the decomposition of Ai 
into the polarization vector P{x), the magnetization vector M(x) and the bulk 
velocity vector u of the medium is given by equation (fT2|) . Inserting equations 
ifTU]) and into the field equation ^ we find the general form of the field 
equation for a magnetized and polarized moving medium expressed in terms of 
E{x), B{x), P[x) and M{x), equation (fTS)) . i.e. equations ([16]) and (ITTl) . which 
are named the field equations in the Amperian form. In the equation (llSp (and 



(fTB])') there are two different velocities u and v and, as I am aware, these field 
equations do not appear in the entire previous literature. They are important 
results that are obtained in this paper. 

In section 4, in order to compare (ITSI) . i.e. and p7|) . with usual formu- 
lations that deal with 3-vectors, all quantities in and ([T7)) are represented 
in the standard basis {7/^}, which yields equations (PO)) and (ICT . respectively. 

In section 5, it is presented a brief review of the existence of the funda- 
mental difference between the usual transformations (UT) of the electric and 
magnetic fields as the 3-vectors and the Lorentz transformations (LT) of the 
four-dimensional (4D) geometric quantities that represent the electric and mag- 
netic fields in the 4D spacetime. 

In sections 6 and 7, the equation pO)) is applied to the case when the ob- 
servers are at rest in a stationary medium and the case when the observers are 
at rest in the laboratory frame, but material medium is moving, respectively. 
Both cases are compared with the usual formulation with the 3-vectors. 

In section 8 the discussion of the results and the conclusions are presented. 

2. The basic field equation for moving media in terms of F and Ai 

We shall deal with 4D geometric quantities, i.e. in the geometric algebra 
formalism. For the exposition of the geometric algebra see [3]. The genera- 
tors of the spacetime algebra are four basis vectors {j^},fJ. — 0...3, satisfying 

Iti'lf = Vfj.i' — diag{'\ ). This basis, the standard basis, is a right-handed 

orthonormal frame of vectors in the Minkowski spacetime M** with 70 in the 
forward fight cone, 7o = 1 and 7^ = —I [k = 1,2,3). The standard basis {7^} 
corresponds to Einstein's system of coordinates in which the Einstein synchro- 
nization of distant clocks [4] and Cartesian space coordinates are used in the 
chosen inertial frame of reference. 

The field equation in vacuum in the geometric algebra formalism is: 



It is shown in [2] that the bivector F = F{x), which represent the electromag- 
netic field, can be taken as the primary quantity for the whole electromagnetism 
and the field equation for F, equation ([T|), is the basic equation. As shown in 
[2], the bivector field F yields the complete description of the electromagnetic 
field and, in fact, there is no need to introduce either the field vectors or the 
potentials. For the given sources the Clifford algebra formalism enables one to 
find in a simple way the electromagnetic field F, see equations (7) and (8) in 



If j is the total current density then ([l} holds unchanged in moving medium 
as well. The equation ([1]) can be separated into the field equation with sources 
and that one without sources as 



OF = j/eoc, d-F + dAF^ j/eoc. 



(1) 




dAF = 0. 



(2) 



2 



Since j is a vector the trivector part is identically zero (it holds only in the 
absence of a magnetic charge). 

In some cases the total current density vector j can be decomposed as 

J=j"^)+j'^\ (3) 

where j^*^^ is the conduction current density of the free charges and j'*^^ is the 
magnetization-polarization current density of the bound charges 

j{M) ^ _cdM ^-cd-M (4) 

{d A A4 — 0, since j'-'^^ is a vector). M. is the generalized magnetization- 
polarization bivector M ~ A4{x). 

Then ^ (i.e., ([2])) can be written as 

d{eoF + M)= j(^Vc; d ■ {eoF + M) = j'^Vc, dAF = 0. (5) 

The trivector part, i.e., the field equation without sources, remained unchanged, 
because it is not afi^ected by the separation of the current density vector j into 
free and bound parts; that part does not contain j. The equations ([5]) are 
the primary equations for the electromagnetism in moving media. In most 
materials is a function of the field F and this dependence is determined by 
the constitutive relations. (They will be considered in a separate paper.) In 
that case ([5]) are well-defined equations for F. 

Instead of dealing with the axiomatic formulation of electromagnetism for 
moving media that uses only the local form of the field equation ([5]) one can 
construct the equivalent integral form simply replacing F by F Ai/so in 
equations (18), (21), (22) and also j by j^^^ in (21), (22) in [2]. However, the 
integral form will not be investigated here. 

Proceeding in the same way as in [2] one can derive from ([S]) the stress- 
energy vector T(n) for a moving medium simply replacing F hy F + M/sq in 
equations (26), (37-47) in [2]. For example, equations (26) from [2] become 

T{n) = T{n{x),x) = -{eo/2) {{F + M/eo)n{F + M/eo)), . (6) 

T{n) is a vector-valued linear function on the tangent space at each spacetime 
point X describing the fiow of energy-momentum through a hypersurface with 
unit normal vector n = n{x). The expression for T(n), T{n) — Un + (l/c)S, 
equation (41) from [2], will remain unchanged, but the energy density U and 
the Poynting vector S will change according to the described replacement. All 
this with T{n) will not be discussed in this paper, but in a separate paper in 
which also Abraham-Minkowski controversy will be examined in a new way. 

Another form of the field equation with sources from ^ is the 'source rep- 
resentation' 

d-eoF=j^'''>/c-d-M, (7) 

according to which the sources of the fundamental electromagnetic field F are 
the true currents and the magnetization-polarization current density d ■ 
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A4, i.e., the space-time changes of the generahzed magnetization-polarization 
bivector M. 

In all previous formulations of the electromagnetism in media (at rest, or 
moving), starting with Minkowski (his fhk) [1], the electromagnetic excitation 
tensor is introduced, see, e.g., a modern textbook on classical electromagnetism 
[5], or the papers [6-8] and the references therein, in the recent - Annalen der 
Physik, Special Topic Issue 9-10/2008: The Minkowski spacetime of special 
relativity - 100 years after its discovery. Here, m TL can be introduced as 

H = eoF + M. (8) 

However, it is worth noting that ^ is in some sense unsatisfactory, since phys- 
ically different kind of entities are mixed in it; an electromagnetic field F and a 
matter field Ai, i.e., the magnetization-polarization bivector. Moreover, as will 
be seen in the next section, in general, two different velocity vectors, v - the 
velocity of the observers and u - the velocity of the moving medium, enter into 
the decompositions of and Ai, the equations ([TOl) and ([T2l) . respectively. This 
fact causes that the usual decomposition of % into the electric and magnetic 
excitations, equation (1141) . is not possible in the general case but only in the 
case if u — V, or if both decompositions (jlO[) and (jl2l) are made with the same 
velocity vector, either u or v. In that case % can be introduced in ^ and the 
usual form of the field equations in moving media is obtained 

9-H=/'^Vc, ^^F^0. (9) 



3. The basic field equation for moving media in terms of E, B 
and P, M 

In this paper instead of using ([S]) and (0) we deal with ^ (or ([7])) as the basic 
field equation. In that equation bivectors F and J\A can be decomposed. First, 
the decomposition of F is considered. It is known that any antisymmetric tensor 
of the second rank can be decomposed into two space-like vectors and the unit 
time-like vector. When applied to the bivector F, e.g., equation (13) in [2], this 
yields 

F^EAv/c+{IcB)-v/c, (10) 

where the electric and magnetic fields are represented by vectors E{x) and B{x) 
and / is the unit pseudoscalar. 

Minkowski, section 11.6 in [1], see also [9], was the first who introduced 
vectors (4- vectors in the usual notation) of the electric and magnetic fields and 
the velocity vector, $, and w, respectively, in his notation, and presented the 
decomposition of F, his equation (55), that corresponds to (fTO|). Note that he 
considered that w, $ and ^ are 1x4 matrices and P is a 4 x 4 matrix. Thus 
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he worked with components of the geometric quantities taken in the standard 
basis {7^}. 

There is no rest frame for the field F, that is, for E and B, and therefore the 
vector V in the decomposition pil)) has to be interpreted as the velocity vector 
of the observers who measure E and B fields. Then E{x) and B{x) are defined 
with respect to v, i.e., with respect to the observer, as 

E = F-v/c, B = -{l/c)I{F Av/c). (11) 

It also holds that E ■ v = B ■ v — 0; both E and B are space-like vectors. It is 
visible from ([TT|) that E and B depend not only on F but on v as well. The unit 
pseudoscalar / is defined algebraically without introducing any reference frame, 
as in section 1.2. in the second reference in [3]. We choose / in such a way 
that when I is represented in the {7^} basis it becomes / = 70 A 71 A 72 A 73. 
With such choice for /, {71,72,73} form a right-handed orthonormal set, as 
usual for a 3D Cartesian frame. The LT (boosts) do not change the orientation 
for spacetime. (Here, in the whole paper, under the name LT we shall only 
consider - boosts.) The relations corresponding to ([TT|) are also first reported 
by Minkowski, section 11.6 in [1], see also [9]. 

Similarly, the bivector A4{x) can be decomposed into two vectors, the polar- 
ization vector P{x) and the magnetization vector AI{x) and the unit time-like 
vector u/c 

M = PAu/c+iMI)-u/c'^. (12) 

There is the rest frame for a medium, i.e., for M, or P and M, and therefore the 
vector u in the decomposition (|12p may be identified with bulk velocity vector 
of the medium in spacetime. Integral curves of u define the averaged world-lines 
of identifiable constituents of the medium. Then, P{x) and M{x) are defined 
with respect to u as 

P^M-u/c, M ^ cI{M Au/c) (13) 

and it holds that P ■ u — M ■ u — {). As in the case with F, it can be seen from 
(fT3|l that P and M depend not only on M. but on u as well. 

Usually, only the velocity vector u of the moving medium is taken into ac- 
count, or the case u = v in considered, i.e., it is supposed that the observer frame 
is comoving with medium, or both decompositions (jlOp and (|12p are made with 
the same velocity vector, either u or v. 

Such assumptions enable the introduction of the electromagnetic excitation 
bivector equation ([S]), and, by using ((TU)) and (|12l) . one finds the decomposi- 
tion of T-L into the electric and magnetic excitations (other names of which are 
'electric displacement' and 'magnetic field intensity') 

n=DAu/c+{IH)-u/c^, (14) 

where, as usual, the electric displacement vector D = EqE + P and the magnetic 
field intensity vector H = {1/ fj.Q)B — M are introduced. The decomposition (|14l) 
was first introduced by Minkowski, equation (56) section 11.6 in [1]. Notice that 
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Minkowski dealt only with bulk velocity vector of the medium u; in both his 
equations (55) (our equation (ITOl) but with v = u) and (56) (our equation (fT4|) ) 
the vector w (our u) appears. The same treatment with the decomposition of 
T-i and consequently with only one velocity, the velocity u, is used in the latter 
textbooks, e.g., [10], and papers, e.g., [11]. However, in general, u ^ v, e.g., the 
observers are at rest in the laboratory frame (v = cjq) in which the considered 
medium is moving with velocity u [u ^ C70). Therefore, we continue with an 
alternative approach which deals with two different velocity vectors v and u, 
i.e., with equations ([TU)) and p^ . 

Inserting equations pUj) and into the field equation ([S]) one gets the 
general form of the field equation for a magnetized and polarized moving medium 
expressed in terms of E{x), B{x), P{x) and AI{x) 

d{eo[E Av/c+{IB) ■ v] + [P Au/c+ {l/c^){MI) ■ u]} = j'^'^'^c. (15) 

In the same way as in ([S]), the equation (jl5p with the geometric product can be 
divided into the vector part (with sources) 

d-{eQ[EAv/c+{IB)-v] + [P hu/c + {l/c^){MI) ■ u]} = j^'^'^/c (16) 

and the trivector part (without sources) 

d A[E Avlc+{IB) ■v]^Q. (17) 

The field equation without sources pT|) remained unchanged relative to the cor- 
responding equation for vacuum, because the same holds for the trivector part 
of ([5]). We call equation (fTS]) . i.e. equations (fT6|) and (fTTl) . the field equations in 
the Amperian form, in analogy with Maxwell's equations when they are written 
in terms of the 3- vectors E, B, P and M; for the latter ones and the name 
see, e.g. equations (4.5) in [12]. Observe that in equations (|T5|) . i.e., ([16]), there 
are two different velocities u and v. The equation (jl5p is a fundamental result, 
which is not previously reported in the physics literature, as I am aware. 

If the geometric product is used then there is only one equation for the 
electromagnetism in moving media, the equation ([SJ, i.e., in the Amperian form 
equation (jl5p . They are written with abstract 4D geometric quantities and 
they comprise and generalize all usual Maxwell's equations (with 3-vectors) for 
moving media. 

The equation (|16|) can be written in another form, i.e. in the 'source repre- 
sentation' as with F and 7W, equation ([7]), 

d ■ {ef)[E Av/c+{IB) -v]} ^j^^^/c-d- [P Au/c+ {l/c^){MI) ■ u], (18) 

according to which the sources of E and B fields are j'^'-^'^ and P and M. In 
that form it is clear that it is not possible to separate the field equation with 
sources for the E field from that one for the B field. Thus, the usual Amper- 
Maxwell law and Gauss's law are inseparably connected in one law - equation 
(jl6p . i.e. equation (|18p. Similarly, in equation (|17l) . Faraday's law and the law 
that expresses the absence of magnetic charge are also inseparably connected in 
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one law. This is an essential difference relative to Maxwell's equations with the 
3- vectors E, B, P and M. Of course, the same statement holds for the original 
equation ([5]), i.e., for the vacuum as well. 

In the 4D spacetime, in contrast to the usual formulation of electromagnetism 
with the 3-vectors E, B, j, ... , there are no two laws, the Amper-Maxwell law 
and Gauss's law, but only one law, that is expressed by equation i.e. 
equation ([18]), and the same for other two laws and equation pT)) . 

The mathematical reason for such an inseparability is that, e.g., the gradient 
operator 5 is a vector field defined on the 4D spacetime. If represented in some 
basis then its vector character remains unchanged only when all its components 
together with associated basis vectors are taken into account in the considered 
equation. The same holds for other vectors E, B, j, P, etc. and multivectors 
like F, A4, ... . For example, in general, in the 4D spacetime, the current 
density vector j is a well-defined physical quantity, but it is not the case with 
the usual charge density p and the usual current density j as a 3- vector. Simi- 
larly, in general, the gradient operator d cannot be divided into the usual time 
derivation and the spatial derivations. In the 4D spacetime, an independent 
physical reality is attributed to the position vector x, the gradient operator d, 
the current density vector j, the vectors of the electric and magnetic fields E 
and B, respectively, etc., but not to the 3- vector r and the time t, to the 3- 
vectors j, E, B, etc. Therefore, in the 4D spacetime, it is not possible to speak 
about the static case in the electromagnetism, i.e., about the electrostatics and 
magnetostatics. 

An important consequence stems from the above mentioned inseparability 
of the 4D spacetime into the 3D space and the time and therefore from the 
inseparability of the equation (|16p . i.e. (|18p . into two laws, and similarly for 
the equation ^T7\ . It can be seen from Maxwell's equations with the 3-vectors, 
e.g. equations (|30p and (|3T|) . and also (p3)) and (p4)l . which all are given below, 
that in the static case the electric and magnetic fields, E and B, respectively, 
are completely decoupled. However, as already stated, in the 4D spacetime 
there is no static case. The equations i.e. p^ . and ([T71) reveal that 

the vectors of the electric and magnetic fields E and B, respectively, are never 
decoupled. This statement holds for the vacuum as well. Thus if, for example, 
we have a magnetization M (a permanent magnet) but without permanent 
polarization P and without then, as can be seen from (I18|) . M will induce 
both B and E. Such a result is completely understandable because E and B are 
derived from one fundamental quantity, the electromagnetic field bivector F, 
by the decomposition of F (|10p and by (fTT|) , and similarly P and M are derived 
from one quantity, the generalized magnetization-polarization bivector Ai, by 
the decomposition of (fT^ and by p^ . The equations ([S]), i.e., its 'source 
representation' ([7]), are the basic field equations with the bivectors F and A4; 
F unites E and B and A4 unites P and M. Besides, F is independent on v and 
Ai is independent on u. The whole formulation of electromagnetism of moving 
media could be done exclusively in terms of F and M in the same way as in [2] 
for vacuum. 

It is worth mentioning that in the integral form the equation that corre- 
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sponds to the local equation can be obtained from the equation (21) in [2] 
replacing F hj F + A4/eo, j by j^^^^ and inserting into it the decompositions 
pll)) and (dH, and similarly for 1^7^ and the equation (18) in [2]. 

4. The basic field equations for moving 
media in the standard basis 

Observe that equations ([T|) - (|18p are all coordinate-free relations. If the abstract 
4D geometric quantities from them are represented in some basis then their 
representations contain both, components and basis vectors. In order to compare 
(jlSp with the usual formulations of electromagnetism we have to represent all 
abstract quantities in (jl5l) in the standard basis {7^}- Then, in the {7^^} basis, 
the second equation from ([S]), d ■ {eoF + M) — j'-'^^c, becomes 

d^ieoF'^^ + M"^h,3 - c-i/c^'^^, (19) 

or, in terms of E, B, P, M (the Amperian form), i.e., if equation is written 
in the {7^^} basis, it becomes 

5a{£o[<5"^^,i?''^^"+c£"^'''^z;;.B.] + F^,,,P^u'^ + (l/c)e"''^''Af^u,]}7^= j(^)'570, 

(20) 

where 5"^^^ = '^'^I'^'i — ^']y^^f_i- Similarly, in the {7^} basis, pT|) becomes 

daicS'^^^^B'^v'' + e"^''''£;,,i;.)757/^ = 0. (21) 

Again, as for P7)) . equation (PT|) is the same as in vacuum. In equation ^U\\ . as in 
(fT5)) . i.e., (|16p . there are two different velocities u and v. The equation (|20p does 
not appear in the entire previous literature. The equation (|T5]) . i.e., ([16]) and (fTfl) 
and also ([20)) and (|211) are the fundamental results that are obtained in this paper 
and they will enable an alternative, but viable, treatment of electromagnetism 
of moving media. 

The equation (j20p can be written in 'source representation' as 

9a{£o[^"V^''"'' + c£"^^"«m5.]}7;3 
- {/^)'^-aar^^,P^?/'' + (l/c)£"^^''M^u,]}7^, (22) 

according to which the sources of the E and B fields are the true current density 
j'^'-^^ and the P and M vectors. Again, as for ([T5)) . it can be concluded that it is 
not possible to separate the field equation with sources for the E field from that 
one for the B field. As stated in the preceding section the Amper-Maxwell law 
and Gauss's law are inseparably connected in one law, the equation (|20p . i.e. 
equation ([22]) . Also, Faraday's law and the law that expresses the absence of 
magnetic charge are inseparably connected in one law, the equation (j2ip . The 
whole discussion presented at the end of section 3 applies in the same measure 
to ([20)) . i.e. ([22]) . and ([2T]). but now the abstract quantities, e.g., d, E have 
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to be replaced by their representations in the standard basis, j^'-^^ = j^^^^^p, 
5. The difference between the UT and the LT 

In this section, for the sake of further consideration, we briefly examine the 
fundamental difference between the UT of the 3- vectors and the LT of the 4D 
geometric quantities. First, it is worth mentioning an important result regarding 
the usual formulation of clcctromagnctism, as in [12-14] or [5], which is presented 
in [15] and discussed in [9] and [16]. It is argued in [15] that an individual vector 
has no dimension; the dimension is associated with the vector space and with 
the manifold where this vector is tangent. Hence, what is essential for the 
number of components of a vector field is the number of variables on which that 
vector field depends, i.e., the dimension of its domain. Thus, strictly speaking, 
the time-dependent E(r,t), B(r,i), D(r, i) etc. cannot be the 3-vectors, since 
they are defined on the spacetime. Therefore, we use the term 'vector' for a 
geometric quantity, which is defined on the spacetime and which always has in 
some basis of that spacetime, e.g., the standard basis {7^^}, four components 
(some of them can be zero). Note that vectors are usually called the 4- vectors. 
However, an incorrect expression, the 3-vector, will still remain for the usual 
E(r,t), B(r,t), D(r,t) etc.. 

Moreover, recently, [17-21] and [9], it is proved that, contrary to the gen- 
eral belief, the UT of the 3-vectors of the electric and magnetic fields, E(r,t) 
and B(r,t) respectively, see, e.g., equations (11.148) and (11.149) in Jackson's 
well-known textbook [5], differ from the LT (boosts) of the corresponding 4D 
quantities that represent the electric and magnetic fields. The usual transfor- 
mations of E and B are first derived by Lorentz [22] and Poincare [23] , see also 
two fundamental Poincare's papers with notes by Logunov [24], and indepen- 
dently by Einstein [4], and subsequently derived and quoted in almost every 
textbook and paper on relativistic electrodynamics. They are always consid- 
ered to be the relativistically correct LT of E and B. As explained in [17-21] 
and [9] the fundamental difference between the UT and the LT of the electric 
and magnetic fields is that in the UT, e.g., the components of the transformed 
E' are expressed by the mixture of components of E and B, and similarly for 
B', equation (11.148) in [5] or, e.g., equations (10.119) in [25]. The UT for the 
3-vector E (and similarly for B) are given, e.g., by equations (11.149) in [5], or 
equations (18-40)-(18-43) in [13] and they are 

E' = 7(E + /3xcB)-(7V(l+7))/3(^-E), 

B' = 7(B-(l/c)/3xE)-(7V(l+7))/3(/3-B), (23) 

where E', E, /3 and B', B are all 3-vectors. All what is stated for the 3-vectors 
E and B and their UT holds in the same measure for the couple of the 3-vectors 
P and M and their UT 
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P = 7(P' + /?xM7c)-(7V(l + 7))/3(/3-P'), 
M ^ 7(M'-/3xcP')-(7V(l + 7))/3(/3-M'), (24) 



see the equations, e.g., (18-68) - (18-71) in [13], or (4.2) in [12], or (6.78a) and 
(6.81a) in [14], etc. 

However, the correct LT always transform the 4D algebraic object represent- 
ing the electric field only to the electric field, and similarly for the magnetic 
field. 

This fundamental difference between the LT and the UT can be briefly ex- 
plained using the results, e.g., from [9]. Let us introduce the frame of 'fiducial' 
observers as the frame in which the observers who measure fields E and B are 
at rest. That frame with the standard basis {7^1} in it is called the 70-frame. 
In the 7o-frame v = C70 and therefore E from (jlip becomes E — F ■ "fo and it 
transforms under the active LT in such a manner that both F and the velocity 
of the observer v = cjq are transformed by the LT, see equation (6) in [9]. As 
explained in [9], Minkowski, in section 11.6 in [1], showed that both factors of 
the vector E, as the product of one bivector and one vector, has to be trans- 
formed by the LT. However, it is worth mentioning that Minkowski in all other 
parts of [1] dealt with the usual 3-vectors E, B, D, etc.. These correct LT give 
that 

i?'=i? + 7(i?-/3){7o-(7/(l + 7))/3}, (25) 

equation (13) in [9]. In the same way vector B transforms and vectors P, AI as 
well, but for P and M the LT, like (I25p . are the transformations from the rest 
frame of the medium (u ~ C70). For boosts in the direction 71 one has to take 
in that equation that (3 — (3'yi (on the l.h.s. is vector /3 and on the r.h.s. /? is a 
scalar) . Hence, in the standard basis and when j3 — /3^i that equation becomes 

E'^j^ = -hE^l^ + lE^li + E^j2 + E^-f3, (26) 

what is equation (14) in [9]. The most important result is that the electric field 
vector E transforms by the LT again to the electric field vector E' ; there is no 
mixing with the magnetic field B. (The same happens with P and M .) 

The comparison with experiments in electromagnetism, the motional emf 
[18], the Faraday disk [19], and the Trouton- Noble experiment [2, 26], show 
that the approach with 4D geometric quantities and their LT always agrees 
with the principle of relativity and it is in a true agreement (independent of the 
chosen inertial reference frame and of the chosen system of coordinates in it) 
with all experiments in electromagnetism. Also, it is shown in the mentioned 
papers that such a true agreement does not exist in the usual approaches, e.g., 
[5], [12-14], [25], in which the electric and magnetic fields are represented by 3- 
vectors E(r,t) and B(r,i) that transform according to the UT (1^^ . (The same 
conclusion about the true agreement between the approach with 4D geometric 
quantities and the well-known experiments that test special relativity is obtained 
in [27]. There, in [27], it is explicitly shown that the relativity of simultaneity. 
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the Lorentz contraction and the time dilation are not well-defined in the 4D 
spacetime. They are not the intrinsic relativistic effects, because they depend 
on the chosen synchronization.) 

6. Observers are at rest in a stationary medium. Comparison 
with the usual formulation with the 3-vectors 

Having briefly discussed the LT and the UT we go back to the discussion of 
equations ([20]) (i.e., ([H])) and (HH). In all relatively moving inertial frames of 
reference and for any system of coordinates in them every term in the considered 
equations is always the same, because all quantities are the Lorentz invariant 
quantities, e.g., j^^^^^p = j'''"''^7^ = jr"'^^lr,i3 = ■■■ ■ The primed quantities 
are the Lorentz transforms of the unprimed ones in the {7^^} basis, whereas the 
last expression refers to the true current density in the {r^} basis with the 'r' 
synchronization, see, e.g. [28]. Observe that, in the 4D spacetime, only if all 
components, together with the associated basis vectors, are taken into account 
in every term then all terms are invariant under the passive LT and thus the 
whole equations ([^0]) (([H])) and (|2ip remain unchanged for different relatively 
moving frames and for different systems of coordinates in them. Only in that 
case the physical quantities and the equations with them are correctly defined 
in the 4D spacetime and the principle of relativity is naturally satisfied. This 
means that, in general, it is not allowed to consider separately some parts of the 
4D geometric quantities, or some parts of the equations with them, e.g., to take 
the part with 70 separately from those ones with 7i in equations ([20| ( ([22]) ) and 
(|2T|) . Thus, for example, in the 4D spacetime, only the whole current density 
the abstract vector from (fTB)) and or some of its representation, e.g., 
that one in the standard basis, j = j^^^^^fp, is well-defined physical quantity, but 
not the charge density, component, or the spatial components j*-*^^* taken 

alone. From the viewpoint of the 4D geometric approach the physical meaning 
of the charge density p is not well-defined. It is the temporal component j'^/c 
for one observer, but it transforms by the LT to the temporal component and 
the spatial component as well for the relatively moving observer. The same 
holds for the gradient operator d and its representation in the standard basis 
d — 7'^ 9/9 and for the other 4D geometric quantities. 

This is particularly visible going to some nonstandard basis, like the {r^} 
basis, i.e. with the 'r' synchronization, see [28] and [16]. The unit vectors in 
the {j^} basis and the {r^} basis are connected as tq = 70, = 7o + 7i- The 
components of any vector are connected in the same way as the components 
of the position vector x are connected, = a;° — — — a;'^, x^, — x\ e.g. 
for the components of vector E it also holds that E^. ~ E° — E^ — E^ — E^, 
El = E"^ . The inverse relations are 70 = tq, 7^ = — tq and, e.g., for the 
components of the current density vector j, j° = jj? + j}. + -I- j"^, f — j*. 
Thus, even in the same frame, the charge density in the {7;^} basis (j*^ — cp) 
loses its usual meaning; it is expressed by the sum of all components in the {r^ } 
basis. However, observe that, as already stated, j = j^^^j. = Jr ''m ^'^'^ ^^e same 
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holds for E ~ E'^'y^ = E!^r^, for B, for etc. This reveals that in the {r^} 
basis the space and time cannot be separated. Hence, in the 4D spacetime the 
usual interpretations of the physical quantities, e.g., the charge density p and 
the current density as a 3- vector j, are not appropriate. 

An independent physical reality can he attributed either to the abstract geo- 
metric quantities, e.g. vectors x, E, B, P, M, j, .. bivectors F, A4, .., or to 
their representations in different bases like j'^jfi, E^r^^, M'^jp, etc. 

Let us consider equation (PH]) in the case when u = v, i.e., the observer 
frame is comoving with medium. In that case it can be taken that v = u ~ cyo 
{u'^ = = (c, 0, 0, 0)), i.e., that the observers who measure fields are at rest in 
a stationary medium. Then, equation (I20p becomes 

rV^^(7o)'' + (l/c)£"^^''M,(7o).]}7;3 = c-ij(^)^;3, (27) 
The equation (|27)) can be also written in the 'source representation' as 

= {c-'j^^^^-d^[S'^^^,P^W + il/c)e'^^'"'M,i^oUhp- (28) 

As already mentioned, the sources of both fields together, E and B, are the true 
current density and the polarization and magnetization vectors, P and Af 
respectively. 

The observer frame is the 70-frame, v = C70, which, with dill) , yields that 
E'^ = B° = and E' = F'°, B' = {l/2c)e'^^° Fjk. Furthermore, in the con- 
sidered case, the 70-frame coincides with the rest frame of the medium. Hence, 
in that frame and with it also holds that P° = = 0, = X*", 

AP = {c / 1)6^^3^ Mjk- Then, equation ^ becomes 

[dkiE'^ + FV^o) - J^^^7c£o]7o+ {ce^^'^oa, [(B,. - ^oMfc] 

-/^)Vceo-ao(£;^+PVeo)}7. = (29) 

In vacuum, equation (|29p coincides with the first two terms, i.e., the terms with 
7o and 7^, in equation (8) in [19]. In the approach with 4D geometric quantities 
it is not possible to make any further simplification. In the 4D spacetime, only 
the whole equation (1^91) is physically meaningful and there is no physical sense in 
some parts of it, for example, to take the part with 70 separately from those ones 
with 7i. Note that in the approach with 3-vectors there is not any Maxwell's 
equation that corresponds to equation (l29l) . 

Let us write equation (j29l) as a^^a = 0; in which, as can be easily recognized, 
the coefficients a" correspond the usual Maxwell's equations in the component 
form. There are two Maxwell equations in the component form; the coefficient 
a*^ corresponds to the component form of the Gauss law for the electric field 
and the coefficients a* correspond to the Ampere-Maxwell law in the component 
form. In [19], for the first time, a fundamental discovery is achieved that the 
usual Maxwell's equations with the 3-vectors (for vacuum) are not covariant 
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under the LT. In section 2.3 in [19], the active LT (equation (16) in [19]) are 
apphed to the equation (8) in [19] (in vacuum, as aheady stated, our equation 
corresponds to the first two terms of (8) from [19]). There, in that section, 
it is obtained that the coefficient aP ^ which corresponds to the component form 
of the Gauss law for the electric field, does not transform by the LT again to 
the Gauss law but to a'", a'" = ^aP — fS-fa^, which is a combination of the 
Gauss law and a part of the Ampere-Maxwell law (a^). (In our case, for the 
material medium, a° = dk{E^ + P'^ / Eq) — j^^'^'^ / csq.) If the Lorentz transformed 
equation (j^ . similarly as in equations (21)-(24) in [19], is expressed in terms 
of Lorentz transformed derivatives and Lorentz transformed vectors E, B, P, 
M and j, then we find the same equation for a'" as it is equation (24) in [19], 
a'O = {[lid'kE'^) - f°/ceo] + l3j[d[E'° + c((9^S^ - d'^B'^)]}, but S'" has to be 
replaced by E'" + P'^'/eq, B'^ by B'^ - hqM'^, and j'° by The same 

discussion holds here as it is presented after equation (24) in [19]. From that 
discussion, and the above mentioned replacements, one concludes that the LT do 
not transform the Gauss law into the 'primed' Gauss law but into quite different 
law; a'° contains the time component E'^ + P"^ /eq, whereas = P^ = 0, and 
also the new 'Gauss law' includes the derivatives of the magnetic field. The same 
situation happens with other Lorentz transformed terms, which again explicitly 
shows that the Lorentz transformed Maxwell's equations are not of the same 
form as the original ones. Hence, contrary to all previous considerations, and 
contrary to the general opinion, the usual Maxwell's equations are not Lorentz 
covariant equations either in vacuum or in a material medium. This result 
proves in another way that in the 4D spacetime only the whole equation (|29|) 
is physically meaningful and not its separate parts. Remember that equation 
([29|) is derived from equation ([27| . i.e. from ([20]) . for which it also holds that 
a^7,9 = = o^rlrji = ... . Here, as before, the primed quantities are the 

Lorentz transforms of the unprimed ones in the {7;i} basis, whereas the last 
expression refers to the {r^} basis with the 'r' synchronization. 

Let us see how the equation (|29p could be compared with the usual form of 
Maxwell's equations for stationary media, which deals with the 3-vectors, e.g., 
[12-14], [25], [5], [10], etc. Obviously, the comparison will be possible only if the 
term with 70 is considered separately from those ones with 7^ and if in equation 
(j29[) only the components are taken into account. But, as explained above, from 
the viewpoint of the geometric approach such a procedure is not correct in the 
4D spacetime. 

If in equation ([29]), i.e. in a°7o -|- a^^i = 0, one takes that a° = 0, and 
multiply the spatial components of E^ P and j^^^ from a° by the unit 3-vectors 
i, j, k, then the term with 70 will become the equation 

V • £oE(r, t) = p(^) (r, t)-V- P(r, t), (30) 

what is equation (9-6) (1) in [13], or equation (4.5) (3) in [12], etc. In the same 
way it will be obtained that the terms with 7^ will become the equation 

V X B(r,t) = ^o[j^^Hi-,i) +5(eoE(r,t) +P(r,t))/at + V X M(r,t)], (31) 
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what is equation (9-6) (4) in [13], or equation (4.5) (2) in [12], or equation (4.114) 
in [14], etc. The way in which the equations with the 3-vectors ((30)) and (|31l) 
are constructed clearly shows that equation is essentially different than 
equations (150]) and (PT|) . 

Similarly, we find that in the 70-frame equation (j2ip becomes 

{c'^dkB^'h^lo - {cdoB' + e*^''=°a,£;fe)757. = 0. (32) 

The equation (|32]) coincides, without any changes, with the last two terms, 
i.e., the terms with 7570 and 757^, in the equation for vacuum, (8) in [19]. As 
already stated, in ([5^ . Faraday's law and the law that expresses the absence of 
magnetic charge are inseparably connected in one law. But, as in the discussion 
of equation (j29p . we can make the comparison of equation p2p with the usual 
form of Maxwell's equations for stationary media, which deals with 3-vectors. 
The equation with 3-vectors that expresses the absence of magnetic charge 

V-B(r,i)=0, (33) 

can be constructed from the term with 7570 in (j32p in the same way as equations 
([50]) and (PT|) are constructed from equation . The obtained equation ([55)) is 
equation (9-6) (2) in [13], or equation (4.5) (4) in [12], etc. Similarly, the terms 
with 757i will give the equation with 3-vectors, Faraday's law, 

V X E(r, t) = -dB{r, t)/dt, (34) 

what is equation (9-6) (3) in [13], or equation (4.5) (1) in [12], etc. (The com- 
ponents of vectors E, B, P, M with superscripts {E^, B^, P*, M*) from (|^ 
are identified with the components of the usual 3-vectors and gOi^s — 1/) As 
already mentioned. Maxwell's equations in terms of E, B, P and M, equations 
(4.5) in [12], i.e. ([SO]), (|3T]), ([33]) and ((Ml) here, are said to be in the Amperian 
form. 

If, as usual, the electric displacement 3-vector D — EqE -|- P has been in- 
troduced together with the magnetic field intensity 3-vector H = (l//io)B — M 
then equations (|5(I1) and (I5T|) become 

V-D(r,t) = p(^'(r,0, 
VxH(r,t) = j(^)(r,t) +5D/5t. (35) 

In (|35|). the first equation is equation (9-7) (1) in [13], whereas the second one is 
equation (9-7) (4) in [13], or equation (4.116) in [14], etc. 

According to this discussion there is an essential difference between the 
Maxwell equations pO|) . pi|) . or (|35|) . with the 3-vectors and equation (|29|) . 
i.e. the equations from which ^ is derived, ^ and In the 4D 

geometric approach there is one law, equation ([^ . i.e., (|?7l) . or ([^. or (ITC)) . 
whereas in the approach with the 3-vectors there are two laws, equations (j30l) 
and (ISTI) . or (1551) . In order to obtain two laws (|5(I)) . (|5T|) . or (|55)) . from equation 
(|^U)) we had to make several steps. First, the term with 70 is taken separately 
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from those ones with 7^, then only the components in these terms are taken 
into account and finally the components are multiplied by the unit 3-vectors i, 
j, k. But, in the 4D spacetime, as explained above, these steps are not math- 
ematically correct. This consideration clearly shows that equation 1^^, i.e., 
equations (P7|. or (PH)) . or p^ . from which (P^)) is derived, is not equivalent to 
equations (PTI) . or (1551) . The equation ([^ is more general and, strictly 

speaking, it is not possible to obtain equations (|30)) . (|3T|) . or (|35|) from ([29]) by a 
mathematically correct procedure in the 4D spacetime. The same consideration 
holds in the same measure for the relation between (15^ and the equations with 
the 3-vectors ((551) and 

Furthermore, in the usual approach with the 3-vectors one can speak about 
the static case. Then, equations (pOl) and (ISTI) . or the first and the second 
equation in (j35|) . are completely decoupled, i.e., in the static case the electric and 
magnetic fields as the 3-vectors are decoupled. In the 4D geometric approach 
such a decoupling is never possible, because there is only one law in which there 
are both together E and B as vectors. The same consideration holds for the 
Maxwell equations (1551) and (|5^ with the 3-vectors and equation (|32p . i.e. the 
equations from which (|32|) is derived, (|2T|) and (ITTl) . 

The most important difference is the following. The quantities entering 
into (Uni and ((5^ are representations in the standard basis of the abstract 4D 
quantities from equation (IT5|) . i.e. equations ([TB| and (fT7)) . All these quantities 
are correctly defined in the 4D spacetime and they correctly transform under 
the LT (|25p and (j26p . whereas it is not the case with quantities appearing in 
(I30l),(l3l]), dSSl), dMl) and dM]), which transform according to UT dSS]), ([241) and 
the corresponding UT of the 3-vectors D, H. 

7. Observers are at rest in the laboratory frame, but material 
medium is moving. Comparison with the usual formulation 
with the 3-vectors 

Now, let us examine equations (pHl) and (PT|) in the case of a moving material 
medium, but the observers are at rest in the laboratory frame, which will be 
denoted as the S frame. Then, in S, v — C70, = (c, 0,0, 0)). Thus the 
laboratory frame is the 70-frame in which it holds that E° ^ B° = and 

^ ^ (i/2c)e*J'=0Fj7c. Obviously, the equation ^ becomes the same 

as equation (|32|) . i.e. the same as in vacuum and the whole discussion about the 
comparison of (I32p with Maxwell's equations with 3-vectors remains unchanged. 
But, it is not so for equation (pO)) . 

In the 7o-frame the considered medium is moving with velocity u, u ^ C70, 
i.e., some of are ^ 0. The rest frame of the medium will be denoted as the 
S' frame. For the sake of comparison with the usual formulation we present the 
considered equation in an expanded form in which the term with 70 and the 
terms with 7^ are explicitly written. Then, in the laboratory frame, which is 
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the 7o-frame, equation (PO)) becomes 

Again, as in the discussion of equation ([29]), it can be argued that in the 4D 
spacetime, only the whole equation p6l) is physically meaningful and there is no 
physical sense in some parts of it, for example, to take the part with 70 separately 
from those ones with ji. Observe that in there are terms with P° and M'^, 
which cannot exist in the usual formulation with the 3- vectors. 

What will be obtained from ([36)) for the case of low velocities of the medium, 
i.e., for Pu ^ 1, 7m = (1 ~ l^u)~^^^ — li where, in S and in the {7^} basis, 
u = m'^7i/, = {juC, juU^ , juU^ , JuU^) , U'' are the components of the 3- 
velocity U and /3u = |U| /c. To determine and compare P° and P'' in 5 we 
use the LT of P'^ from S' , the rest frame of the medium, and, for simplicity, 
it is taken that the medium, the 5" frame, is moving along the common 
x'^ axis, i.e., u" = (7„c, 7„[/i, 0, 0). In 5', P'^ = {0, P'\ P'^ , P'^). Then, as 
in equation = (/3„7„P'i, 7„P'i, P'^, P'^). Since /3„ < 1 and 7„ ~ 1 it 

follows that P° < Pi and P'^u" - P^u^ in ^ becomes ~ cP^ , i.e., in that 
approximation P°u'^ can be neglected relative to P^-i^ . In the same way it can 
be concluded that M^i^ can be neglected relative to M^%^ . Therefore, with 
these approximations, equation (1361) can be written as 

c-2e'=*^'"afcM.C/,]7o + [c-ij(^)^ + d^ie^E' + P') + 
c-^((C/^'afc)P* - C/X5fcP^')) + c-^e'^''°{doM,Uk + cdjMkH, (37) 

Notice that p7p is obtained from (I36p using the LT of the vectors P^^^ and 
M''7^ and not the UT of the 3-vectors P and M, ([Mj). We see that D'' = 
EqE'^ + P^ and — B'^ / ^q — M^ can he introduced into equation p7l) . whereas 
such replacement is not possible for equation p6p . due to the existence of the 
terms with P° and M° in (The part with 70 is dkD^-/o = [cr^j^^^^" - 

c-^e'''^°dkM,Uj]jo, whereas the part with 7, is e'^''°djHk% = [j^^^* + cdoD' + 
iiU>'dk)P' - U'idkP'')) + c-h'^''°doMjUM 

The equation ([37]) could be compared with the usual form of Maxwell's 
equations for moving media, which deal with the 3-vectors, e.g., [12-14], [10], 
etc. Again, as in section 6, the comparison will be possible only if the term 
with 7o is considered separately from those ones with 7^ and if in equation ()37p 
only the components are taken into account. As before, we argue that from the 
viewpoint of the geometric approach such a procedure is not correct in the 4D 
spacetime. If, as in section 6, in equation ( ([571) . i.e. in a°7o 4-a'7i — 0, one takes 
that a" ~ 0, and multiply the spatial components of E, P, M and j^^'^ from a" 
by the unit 3-vectors i, j, k then the term with 70 will become the equation 

V •eoE(r,i) = p(^)(r,i) - V ■ [P{v,t) - c-\M{r,t) x U)]. (38) 



(36) 



16 



Usually, as, e.g., in [13] (the derivation of equations (9-18) (1-4)) the case of: 

'a non-magnetized medium moving with a velocity u which is small compared 

with velocity of light,' is considered. This means that in (|36p one has to take not 

only /?„ -C 1, which leads to (I57|) . but also Mi = 0. Then, instead of the part 

with 7o from (P7)) one gets the equation dkD'^jo = p'-'^^-fo- In the formulation 

with 3-vectors that equation corresponds to, e.g., equation (9-18)(l) in [13], 
V-D = p(c:). 

Similarly, the terms with 7^ from equation p7p could be compared with 
the usual form of Maxwell's equations for moving media, which deals with the 
3-vectors, e.g., equation (9-18) (4) in [13], or the equations in Problem 6.8 in 
[14]. Then, the terms with 7^ from equation ([57]) correspond to the following 
equation with 3-vectors 

VxB(r,i) = /io[j(^'(r,t)+a(eoE(r,i)+P(r,i))/9t + Vx (P(r,t) xU) 
+ (l/c2)a(U X M(r,t))/at+V X M{r,t)]. (39) 

The equation (I39p can be written in the following form 

V X H(r, t) = j(^) (r, i) +<9D(r, t)/(9t+ (l/c2)9(U X M(r,t))/(9t+ V X (P(r, i) X U) , 

(40) 

where the 3-vectors D = EqE + P and H = (l//io)B — M have been introduced. 
Taking in equation (1571) that not only /3„ ^ 1 but that Mi = as well, i.e., that 
a non-magnetized medium is considered, then instead of equation (PH)) we find 

VxB(r,t)=Aio[j^'^ni-,i)+c'D(r,0/at + Vx (P(r,i) x U)]. (41) 

This equation is the fourth equation in Problem 6.8 in [14]. It differs from 
equation (9-18) (4) in [13], which contains an additional term /iq/o'-'^'U. As seen 
from (|4T|) the appearance of that additional term is not justified. 

The whole consideration on the difference between Maxwell's equations with 
3-vectors and the equations with the 4D quantities that is presented at the end 
of section 6 holds in the same measure here. However, the difference between 
these two approaches (3-vectors versus 4D geometric quantities) is even bigger 
for the case examined in this section. Namely, due to the existence of the terms 
with P° and M" in (p6l) that equation cannot be compared with Maxwell's 
equations with 3-vectors. The comparison can be made only for low velocities 
of the medium when equation p6|) reduces to equation p7p . 

There is also an additional difference between Maxwell's equations with 3- 
vectors, e.g., equations (9-18) in [13], and our equations and (|57)) . It 
is stated in [13] (under equations (9-18)): 'Note that Maxwell's equations for 
moving (nonmagnetic) media in the form given by Eq. (9-18) (4) are 'mixed,' 
i.e., the sources jtruej Pj Ptrue, are measured in the moving medium, while the 
fields are given in the stationary frame.' On the other hand, as already stated 
above, all quantities in p6p and p7p are determined in the laboratory frame, 
which is the 70-frame. Moreover, as already explained, all quantities in (j36p 
and ((37)) are correctly defined in the 4D spacetime and they correctly transform 
under the LT, which is not the case with Maxwell's equations with the 3-vectors. 
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8. Discussion and Conclusions 

There are several important differences between the field equations reported 
here and all others in the previous literature including the modern textbook on 
classical electrodynamics [29], which uses the calculus of exterior forms. 

First, instead of dealing with the electromagnetic excitation % ([5]) and the 
field equation with it ([9|) we exclusively deal with the equations ([5]) for the 
electromagnetic field F and a matter field M as the primary equations for 
the electromagnetism in moving media. As discussed in sections 2 and 3, the 
expression for (|5]) in terms of F and M is in some sense unsatisfactory, 
since F and M. are physically different kind of entities. Furthermore, what is 
particularly important, in general, two different velocity vectors, v - the velocity 
of the observers and u - the velocity of the moving medium, enter into the 
decompositions of F and the equations and (IT^ . respectively. For 
this reason we also do not deal with the decomposition of H into the 
electric and magnetic excitations D and H , respectively, where D = EqE + P 
and H = (l/yUo)-B — M. As stated in section 3, such a decomposition as is 
possible if only one velocity, the velocity of the medium u, is taken into account, 
or the case u = v is considered, or both decompositions ([TU]) and are made 
with the same velocity vector, either u or v. (Recently, the last case is considered 
in [30], but with F and H.) 

The second important difference refers to the interpretation of the field equa- 
tions. The basic field equation p!5)) contains two different velocities u and v. 
It is also written as equations p6| and p7|). From these equations it is visible 
that in the 4D spacetime, in contrast to the formulation of electromagnetism 
in terms of Maxwell's equations with the 3-vectors E, B, P and M, there are 
no two laws, the Amper-Maxwell law and Gauss's law, but only one law, that is 
expressed by equation p6p . i.e. equation ([18]), and the same for equation p7p 
and Faraday's law and the law that expresses the absence of magnetic charge. 

Furthermore, the interesting results are obtained in sections 6 and 7. There, 
the field equations, written in the standard basis (PU]). i.e. (H^J, and (|2ip . are 
compared with the usual form (with the 3-vectors) of Maxwell's equations for 
moving media. In section 6, it is shown that the comparison is possible only 
if the term with 70 is considered separately from those ones with 7^ and if in 
equations ()29p and ([32]) only the components are taken into account. In order 
to get the usual equations with the 3-vectors, ([30 ]) . ([31]) . ([33]). ([34| and ([35]) . 
these components have to be multiplied by the unit 3-vectors i, j, k. Moreover, 
as shown in section 7, such a procedure is not applicable to equation (|36|) . but 
only to equation (l37t , which is derived from ([36]) for the case of low velocities 
of the medium. As explained at the end of section 6, the above mentioned steps 
in the comparison are not mathematically correct in the 4D spacetime. Hence, 
in the 4D spacetime, the equations, e.g. ([15]), ([HI, ([H]), ([SI]), ... , with 

4D geometric quantities E, B, P and M that correctly transform under the 
LT ([25]) and (|26]) . are not equivalent to the usual Maxwell equations, e.g.. ([30]) . 
([3T]). ([33|. ([34]). ([35]) . ([38]). ([39]). ... , with the 3-vectors E, B, P and M that 
transform according to UT ([23]), ([24]) . 
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The theoretical and experimental consequences of the results that are ob- 
tained in this paper will be carefully examined. An interesting consequence 
that can be experimentally examined is already mentioned in connection with 
equation ((T5)) . There, it is stated that if we have a magnetization M, a per- 
manent magnet, moving or stationary, but without permanent polarization P 
and without then, as can be seen from (|18p. M will induce both B and E. 
An additional support to such an interpretation of equation (jlSp comes from 
the result that both B and E are vectors that correctly transform under the LT 
and (|26p . which means that under the LT the vector E transforms again 
to the electric field E' . Hence, according to the LT ([^5]) and (pS)) . if there is an 
electric field outside moving magnet it would necessary need to exist outside the 
same hut stationary magnet. 
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